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Some new behaviour in
the deformation theory of Kleinian groups
John Holt
Abstract
Anderson and Canary ([1]) have constructed examples of 3-manifolds
M for which the space of convex co-compact representations of pi1(M)
in PSL2(C) is disconnected but has connected closure (in the topology
of algebraic convergence). More precisely, they showed that for their
examples the intersection of the closures of any two path components
of the space of convex co-compact representations is non-empty. We
study these examples and show that there is a connected, uncount-
able set of geometrically finite representations which is contained in
the closure of every path component of the space of convex co-compact
representations.
Introduction
Suppose M is an irreducible, orientable, atoroidal, compact 3-manifold
whose boundary is non-empty. Thurston’s Hyperbolization Theorem ([14])
guarantees that the interior of M may be imbued with the structure of a
geometrically finite hyperbolic manifold. Moreover, if ∂M contains no torus
components this structure may be taken to be convex co-compact. But in
particular there is a discrete, faithful representation of the fundamental group
of M into PSL2(C), the group of orientation preserving isometries of hyper-
bolic 3-space, H3, modelled as the upper half space in R3. If Γ is the image
of this representation (so that int(M) ∼= H3/Γ) then conjugating Γ by an
element of PSL2(C) produces a group whose quotient manifold is isometric
to H3/Γ. Hence if we are to understand all the possible hyperbolic structures
on the interior of M up to isometry we should study the set H(pi1(M)) of
equivalence classes of faithful representations of pi1(M) in PSL2(C) whose
images are discrete, where two representations are in the same equivalence
class if they are conjugate in PSL2(C).
H(pi1(M)) is a quotient of D(pi1(M)) = {ρ ∈ Hom(pi1(M), PSL2(C))|ρ
is faithful and has discrete image} and so we can topologize H(pi1(M)) by
giving D(pi1(M)) the compact-open topology and H(pi1(M)) the quotient
topology. This is called the algebraic topology on H(pi1(M)). Call H(pi1(M))
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with the algebraic topology AH(pi1(M)). An element of AH(pi1(M)) does
not necessarily give a hyperbolic structure to the interior of M ; it may give
a hyperbolic structure to a compact manifold homotopy equivalent to M
or the quotient of its image may not admit a manifold compactification,
though it is a conjecture of Marden’s that the latter does not occur. Let
A(M) denote the set of marked homeomorphism classes of compact, oriented,
atoroidal, irreducible 3-manifolds homotopy equivalent toM . It follows from
work of Ahlfors, Bers, Kra, Marden, Maskit, Sullivan and Thurston that the
components of the interior of AH(pi1(M)) are enumerated by the elements of
A(M) (see [5]). In particular the homeomorphism type is constant on each
component of the interior. In the case when pi1(M) is the fundamental group
of a surface Bers ([3]) conjectured that any B-group is contained in the closure
of some Bers slice, and later Thurston ([18]) and Sullivan ([17]) extended this
to conjecture that the interior of AH(pi1(M)) is dense in AH(pi1(M)).
We specialize to the case when ∂M contains no tori (so that the in-
terior of AH(pi1(M)) is CC(pi1(M)), the subspace consisting of all those
representations whose image is convex co-compact, see [11] and [17]). An-
derson and Canary ([1]) have constructed a family of examples for which
there are finitely many components of CC(pi1(M)) and the closures of any
two such components intersect. They exhibit, for each integer k ≥ 3, a man-
ifold Mk such that A(Mk) has (k − 1)! elements and they construct for each
[(M,h)] ∈ A(Mk) representations ρi in the component of CC(pi1(Mk)) in-
dexed by [(Mk, id)] ∈ A(Mk) so that ρi converges to ρ and ρ is in the closure
of the component of CC(pi1(Mk)) indexed by [(M,h)] (in fact ρ uniformizes
M). This is to say, the homeomorphism type can change in the limit and
the closure of CC(pi1(Mk)) is connected. (Recently Anderson, Canary and
McCullough ([2]) have generalized this result to give necessary and sufficient
conditions for the closures of two components of the interior of AH(pi1(M))
to intersect, where now M is any compact, orientable, irreducible, atoroidal
3-manifold with incompressible boundary.)
In this paper we examine Anderson and Canary’s examples and show that
for these examples there is a set of geometrically finite representations which
is contained in the closure of every component of CC(pi1(Mk)). The construc-
tion shows that in some sense this set can be chosen to be “large”, in that
given any K ≥ 1 the set contains all of the K-quasiconformal deformations
of some geometrically finite representation of pi1(M) (this representation de-
pending on K).
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In the first section we will describe the construction of the examples and
state the theorems that will be proven in section III. In section II we will
present the versions of the Klein-Maskit combination theorems that we will
be using, a statement of a generalization of the Hyperbolic Dehn Surgery
theorem due to Comar (upon which the proofs in section III are largely
based) and a few technical lemmas that we will use in section III.
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I: The examples
Choose an integer k ≥ 3. Let F (j) be a surface of genus j with one
boundary component and set B(j) = F (j) × [0, 1], j = 1, ..., k. Let V =
D2×S1 be a solid torus and let A(j) (j = 1, .., k) be the annulus on ∂V given
by A(j) = [e2pii(4j−1)/4k , e2pii(4j+1)/4k]×S1. Set ∂0B(j) = ∂F (j)× [0, 1]. Form
Mk by identifying ∂0B(j) with A(j), j = 1, .., k, with orientation-reversing
homeomorphisms. In other words, Mk is obtained by attaching, in order,
the I-bundles B(1), . . . , B(k) to a solid torus V by identifying the annuli
∂0(B(1)), . . . , ∂0(B(k)) with a collection of k disjoint, parallel, longitudinal
annuli A(1), . . . , A(k) ⊂ ∂V .
Suppose τ ∈ Sk is a permutation of the integers 1, ..., k. Then we may
obtain a manifold homotopy equivalent toMk by performing the above sort of
construction but sewing ∂0B(τ(j)) to A(j). Denote the manifold so obtained
by M τk . M
τ
k is homeomorphic to M
τ ′
k if an only if τ and τ
′ belong to the
same right coset of Dk, the dihedral subgroup of 2k elements of Sk.
Let C1 = {e3pii/4k} × S1 ⊂ ∂V and C2 = {e5pii/4k} × S1 ⊂ ∂V be two
parallel curves in ∂V ∩∂M τk . Form M̂
τ
k by attaching S
1×[0, 1]×[0, 1] toM τk by
an embedding h : S1×[0, 1]×{0, 1} −→ ∂V such that h(S1×{1
2
}×{0}) = C1
and h(S1×{1
2
}×{1}) = C2. M̂ τk is homeomorphic to the manifold obtained
by removing an open neighbourhood of the core curve of V from M τk .
Let hτ : Mk −→M τk be a fixed homotopy equivalence that is the identity
when restricted to the solid torus V . Anderson and Canary have proven that
{(M τk , hτ )|τ ∈ Sk/Zk} is a complete set of representatives for A(Mk). For
our purposes it is more convenient (and more natural in light of Johannson’s
Deformation Theorem([9])) to require that hτ be a homotopy equivalence
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between Mk and M
τ
k which is the identity off of the solid torus V . Using
essentially the same proof as in [1] we have the following:
Lemma(3.2 in [1]). Let {τ1, ..., τN} be a set of right coset representatives
of Zk =< (123 · · ·k) > in Sk (N = (k−1)!). Then {(M
τ1
k , hτ1), ..., (M
τN
k , hτN )}
is a complete indexing set for the set of path components of CC(pi1(Mk)).
In this paper we prove the following two results:
Theorem A For any integer k ≥ 3 there is a representation which lies
in the closure of every component of CC(pi1(Mk)).
Theorem B For any integer k ≥ 3 and K ≥ 1 there is a represen-
tation ρK such that the set of representations of pi1(Mk) induced by K-
quasiconformal deformations of ρK is contained in the closure of every com-
ponent of CC(pi1(Mk)).
II: Preliminaries
Definitions
In this article a Kleinian group is a discrete, torsion-free subgroup of the
group of isometries of hyperbolic 3-space, H3. Realizing hyperbolic space as
the upper half space {(z, t) | t > 0, z ∈ C} allows us to view a Kleinian
group as a subgroup of PSL2(C). If Γ is a Kleinian group then the orbit
space H3/Γ is an orientable 3-manifold with constant sectional curvature
equal to −1. By fixing an orientation on H3 and passing this orientation to
the quotient we may assume that the orbit space of a Kleinian group is an
oriented 3-manifold.
If M is a compact, oriented 3-manifold and Γ is a Kleinian group such
that H3/Γ is homeomorphic to int(M) via an orientation preserving home-
omorphism we say that M is uniformized by Γ. If Γ is also the image of
a representation ρ : pi1(M) −→ PSL2(C) then we sometimes say that ρ
uniformizes M .
The limit set of a Kleinian group Γ is the set of accumulation points in Ĉ
for the action of Γ on H3. The limit set of Γ is denoted by Λ(Γ). When Γ is
non-abelian Λ(Γ) is the smallest, non-empty, closed, Γ−invariant subspace of
Ĉ. The complement of Λ(Γ) in Ĉ is the domain of discontinuity for Γ and is
denoted by Ω(Γ). As is implied by the name Γ acts properly discontinuously
on Ω(Γ).
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A Fuchsian group is a Kleinian group whose limit set is a circle and
the stabilizer of any component of its domain of discontinuity is the whole
group. (Sometimes such a group is called Fuchsian of the first kind.) For our
purposes a Fuchsian group has the extended real line as its limit set. That
is, for our purposes a Fuchsian group is a subgroup of PSL2(R).
The convex core of a hyperbolic 3-manifold N = H3/Γ is the smallest
convex sub-manifold of N whose inclusion map is a homotopy equivalence.
The convex core ofN is denoted by C(N). Equivalently, C(N) is the quotient
of the convex hull of Λ(Γ) in H3 by Γ. If C(N) is compact, then we say thatN
(or Γ) is convex co-compact. If C(N) has finite volume and pi1(N) is finitely
generated then we say that N is geometrically finite.
For a hyperbolic 3-manifold N = H3/Γ the conformal extension of N is
the manifold with boundary given by (H3 ∪ Ω(Γ))/Γ.
Given a Kleinian group Γ and a subgroup J ⊂ Γ a subset B ⊂ Ĉ is
precisely J-invariant in Γ (or, equivalently precisely invariant under J in Γ),
if B is invariant under J and if g ∈ Γ is such that g(B) ∩B 6= ∅ then g ∈ J .
A quasiconformal deformation of a representation ρ is a representation
ρ′ such that there is a quasiconformal map f of Ĉ with ρ′ = f ◦ ρ ◦ f−1. A
quasifuchsian group is a quasiconformal deformation of a Fuchsian group.
For a compact, atoroidal, irreducible, orientable 3-manifold M we have
the set A(M) of homeomorphism classes of marked, compact, atoroidal, ori-
ented, irreducible 3-manifolds homotopy equivalent to M . Explicitly A(M)
consists of equivalence classes of pairs [(M ′, h)], where h : M −→ M ′ is a
homotopy equivalence and two pairs (M0, h0) and (M1, h1) are in the same
equivalence class if and only if there exists an orientation preserving homeo-
morphism j : M0 −→ M1 such that j ◦ h0 is homotopic to h1.
M0 is a compact core for an irreducible 3-manifold M if M0 is a com-
pact, co-dimension 0 submanifold of M whose inclusion map is a homotopy
equivalence. By Scott [16] any 3-manifold with finitely generated fundamen-
tal group has a compact core. It is a theorem of McCullough, Miller and
Swarup ([13]) that if i1 : M1 → M and i2 : M2 → M are two compact
cores for an oriented 3-manifoldM then i1 ◦ i2 is homotopic to an orientation
preserving homeomorphism, where i2 is a homotopy inverse for i2.
We have a map Θ : AH(pi1(M)) −→ A(M) defined as follows. Let
ρ ∈ AH(pi1(M)) and let Mρ be a compact core for H3/ρ(pi1(M)). Let iρ be
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inclusion of Mρ into H
3/ρ(pi1(M)). Since (iρ)
−1
∗
◦ ρ : pi1(M) −→ pi1(Mρ) is an
isomorphism between aspherical manifolds there is a homotopy equivalence
hρ : M −→ Mρ such that (hρ)∗ is conjugate to (iρ)−1∗ ◦ ρ. Then Θ maps
ρ to the marked homeomorphism class [(Mρ, hρ)]. By the result of McCul-
lough, Miller and Swarup above Θ is well-defined. Marden’s Isomorphism
Theorem and Stability Theorem [11] and a result of Sullivan’s [17] implies
that two convex co-compact representations are in the same component of
int(AH(pi1(M))) if and only if they have the same image under Θ.
The Klein-Maskit combination theorems
Very roughly, the Klein-Maskit combination theorems give sufficient con-
ditions for a group generated by two Kleinian groups to be Kleinian and tells
us the topology of the manifold associated to the result. The versions we
state here are special cases of those given in [12].
Theorem 1. (The First Klein-Maskit Combination Theorem) Let
J =< z 7→ z + 1 > be a rank 1 parabolic subgroup of discrete groups G1 and
G2 with J 6= Gi, i = 1, 2. Assume that there is a horizontal line W which
separates C into two closed disks B1 and B2 with Λ(Gj) ⊂ Bj, and with the
property that Bj is precisely invariant under J in G3−j. Set G =< G1, G2 >.
Then
1. G is discrete;
2. G = G1 ∗J G2;
3. G is geometrically finite if and only if both G1 and G2 are geometrically
finite;
4. Let C be the plane spanned by W in H3 and let B3i be the half space
bounded by C and Bi in H
3, i = 1, 2. Then H3/G is isometric to the
manifold obtained by removing B31/J from H
3/G2 and removing B
3
2/J
from H3/G1 and identifying the resulting manifolds along their common
boundary C/J .
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5. (H3 ∪ Ω(G))/G is orientation preserving homeomorphic to the mani-
fold obtained by gluing (H3 ∪ Ω(G1))/G1 to (H3 ∪ Ω(G2))/G2 by iden-
tifying the punctured disk B1/J ⊂ Ω(G1)/G1 with the punctured disk
B2/J ⊂ Ω(G2)/G2 via an orientation reversing homeomorphism.
The Second Combination Theorem deals with HNN-extensions of Kleinian
groups.
Theorem 2. (The Second Klein-Maskit Combination Theorem)
Let J =< z 7→ z + 1 > be a subgroup of a group H. Suppose f is a parabolic
transformation f(z) = z + c with c not completely real. Let A = {z | a <
ℑz < b} with |a − b| < |ℑc| and suppose that each component of C − A is
precisely invariant under J in H. Set G =< H, f >. Then
1. G is discrete;
2. G = H∗f ;
3. G is geometrically finite if and only if H is;
4. Let B31 be the totally geodesic half-space whose closure meets Ĉ exactly
in B1 = {z |ℑz ≥ b}, and B32 the totally geodesic half-space whose clo-
sure meets Ĉ exactly in B2 = {z |ℑz ≤ a}. Let P1 be the plane in H3
{(z, t) |ℑz = b} and let P2 be the plane {(z, t) |ℑz = a}. Then H3/G is
isometric to the manifold obtained by removing B31/J and B
3
2/J from
H
3/H and identifying the resulting boundaries P1/J and P2/J via f .
5. (H3∪Ω(G))/G is orientation preserving homeomorphic to the manifold
obtained from (H3 ∪ Ω(H))/H by identifying the punctured disk B1/J
with the punctured disk B2/J in Ω(H)/H via the map induced by f .
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The Hyperbolic Dehn Surgery Theorem
Let M̂ be a compact, irreducible, oriented 3-manifold whose boundary
contains a single torus T . There may be other surfaces in the boundary,
but only one torus. Choose a meridian m and a longitude l for the torus
T and consider them as a basis for pi1(T ). For a pair of relatively prime
integers (p, q) denote by M̂(p, q) the manifold obtained by performing (p, q)
Dehn surgery on M̂ . That is, M̂(p, q) is obtained by sewing a solid torus
V to M̂ along T via an orientation reversing homeomorphism which maps
the meridian of V to a simple closed curve in the homotopy class of mplq
on T . The following generalization of Thurston’s Hyperbolic Dehn Surgery
Theorem is due to T. Comar. See also Bonahon and Otal [4].
Theorem 3. The Hyperbolic Dehn Surgery Theorem([6]). Let
M̂ be a compact, oriented 3-manifold with one toroidal boundary compo-
nent T . Let N̂ = H3/Γ̂ be a geometrically finite hyperbolic 3-manifold and
φ : int(M̂ ) −→ N̂ an orientation preserving homeomorphism between the
interior of M and N̂ . Further assume that every parabolic element of Γ̂ is
conjugate to an element of φ∗(pi1(T )). Let {(pn, qn)} be a sequence of distinct
pairs of relatively prime integers.
Then, for all sufficiently large n, there exists a representation βn : Γ̂ −→
PSL2(C) with discrete image such that:
1. βn(Γ̂) is convex co-compact and uniformizes M̂(pn, qn);
2. the kernel of βn is normally generated by m
pnlqn; and
3. {βn} converges to the identity representation of Γ̂.
Moreover, if we let in denote the inclusion of M̂ into M̂(pn, qn), then there
exists an orientation-preserving homeomorphism φn : int(M̂ (pn, qn)) −→
H
3/βn(Γ̂) such that βn ◦ φ∗ is conjugate to (φn)∗ ◦ (in)∗.
Some Notation: Let Abc denote the horizontal strip {z ∈ C | c ≤ ℑz ≤
b}.
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Let Ha denote the half-plane {z ∈ C | ℑz ≥ a} and let H∗a denote the
lower half-plane {z ∈ C | ℑz ≤ a}.
For a ∈ C let ξa be the conformal transformation given by ξa(z) = z + a.
Lemma 1 Let K ≥ 1. Let G be a Fuchsian group containing ξ1 as a
primitive element. Then there is a constant c = c(K,G) with the property
that if f is any K-quasiconformal deformation of G fixing 0, 1 and ∞ then
Hc and H
∗
−c are precisely J-invariant in f ◦G ◦ f
−1.
Proof
Suppose there does not exist a c such that Hc is precisely J-invariant
in f ◦ G ◦ f−1 for every normalised K-quasiconformal deformation f of G.
Then there is a sequence of normalizedK-quasiconformal maps {fn} inducing
quasiconformal deformations of G and a sequence of group elements {gn} of
G − J such that fn ◦ gn ◦ f−1n (Hn) ∩ Hn 6= ∅. Equivalently gn ◦ f
−1
n (Hn) ∩
f−1n (Hn) 6= ∅. Since G is Fuchsian then Prop. VI.A.6 in [12] gives us that
the half-spaces H1 and H
∗
−1 are precisely J-invariant in G. Hence f
−1
n (Hn)
must intersect A1
−1.
For each n, let zn be a point in Hn such that f
−1
n (zn) is in A
1
−1. Since
each fn commutes with ξ1 we may assume that the f
−1
n (zn) all lie in the
(compact) rectangle R = {z | 0 ≤ ℜz ≤ 1, −1 ≤ ℑz ≤ 1}. {f−1n (zn)} has an
accumulation point p ∈ R, so we pass to a subsequence and reindex so that
f−1n (zn) −→ p.
The space of all K-quasiconformal maps normalized to fix 0, 1 and ∞
is compact with respect to the topology of uniform convergence on com-
pact subsets ([10] Theorems 2.1, 2.2). Hence there is a normalized K-
quasiconformal map f such that, up to subsequence, fn −→ f uniformly
on R. Thus f(p) = limn→∞ fn(f
−1
n (zn)) = limn→∞zn = ∞, supplying us
with our contradiction.
By repeating the above argument or by appealing to symmetry we have
that there is also a c′ such that H∗
−c′ is precisely J-invariant in f ◦G◦f
−1 for
any normalized K-quasiconformal deformation f of G. The desired constant
c(K,G) is the maximum of the two constants.✷
Corollary 2 With the above assumptions Λ(f ◦G ◦ f−1) ⊂ Ac
−c ∪ {∞}.
Lemma 3 Let G1,...,GN be quasifuchsian groups containing J =< ξ1 >
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and suppose ∃c > 0 such that H∗
−c and Hc are precisely J-invariant in each
Gi.
Set Γ to be the group generated by {ξajiGjξ
−1
aj i
}Nj=1, where 0 ≤ a1 < a2 <
. . . < aN are any real numbers with ai+1 − ai ≥ 2c ∀ i = 1, . . . , N − 1.
Then
1. Γ = ξa1iG1ξ
−1
a1i
∗J ξa2iG2ξ
−1
a2i
∗J · · · ∗J ξaN iGNξ
−1
aN i
;
2. Γ is discrete and geometrically finite;
3. HaN+c ∪H
∗
a1−c
is precisely J-invariant in Γ;
4. Let Sj be a surface with boundary such that Gj uniformizes Sj × I
and for each j let ∆j be a component of ∂Sj . Represent a solid torus
V as D2 × S1 and form a manifold M by attaching each Sj × I to
V by identifying ∆j × I with [e
2pii(4j−1)/4N , e2pii(4j+1)/4N ] × S1 via an
orientation reversing homeomorphism.
Then Γ uniformizes M , and if ∂Sj = ∆j ∀j then (H3 ∪ Ω(Γ))/Γ is
orientation preserving homeomorphic to M − δ, where δ is the simple
closed curve {(1, 0)} × S1 ⊂ ∂M adjacent to S1 and SN .
Note: Since both HaN+c and H
∗
a1−c
are J-invariant, 3) implies that HaN+c
and H∗a1−c are precisely J-invariant in Γ.
Proof
We proceed by induction on N . Suppose that N = 1, so that Γ =
ξa1iG1ξ
−1
a1i
. Λ(Γ) is a Jordan curve contained in Aa1+ca1−c ∪ {∞} and the com-
plement of this curve consists of two simply connected components each of
which is stabilized by Γ. Hence for g ∈ Γ − J , g(Ha1+c) ⊂ Ha1−c and
g(H∗a1−c) ⊂ H
∗
a1+c
. Since both Ha1+c and H
∗
a1−c
are precisely J-invariant
in Γ this implies that for g ∈ Γ − J , g(Ha1+c) ⊂ Ha1−c ∩ H
∗
a1+c
= Aa1+ca1−c
and g(H∗a1−c) ⊂ H
∗
a1+c ∩ Ha1−c = A
a1+c
a1−c and hence that g(Ha1+c ∪ H
∗
a1−c) ∩
(Ha1+c ∪H
∗
a1−c
) = ∅ proving that part 3) holds and hence, since 1), 2) and
4) are clearly true, the base step of our induction.
Suppose now thatG =< ξa1iG1ξ
−1
a1i
, ..., ξak−1iGk−1ξ
−1
ak−1i
> andH = ξakiGkξ
−1
aki
.
We prove that the lemma is true for Γ =< G,H >.
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To prove parts 1) and 2) consider the lineW = ξ(ak−1+c)i(R). W divides Ĉ
into two disks Hak−1+c and H
∗
ak−1+c
. By our inductive hypotheses Hak−1+c is
precisely J-invariant in G and by assumption H∗ak−1+c is precisely J-invariant
in H since H∗ak−c ⊃ H
∗
ak−1+c
and H∗ak−c is precisely J-invariant in H . Parts
1) and 2) now follow with an application of Theorem 1.
To prove part 3) first observe the following:
for g ∈ G − J , g(Hak+c ∪ H
∗
a1−c) ⊂ g(Hak−1+c ∪ H
∗
a1−c) ⊂ A
ak−1+c
a1−c by
our inductive assumption;
for h ∈ H − J , h(Hak+c ∪H
∗
a1−c) ⊂ h(Hak+c ∪H
∗
ak−c
) ⊂ Aak+cak−c;
for g ∈ G−J , g(Aak+cak−c) = g(Hak−c∩H
∗
ak+c
) ⊂ g(Hak−1+c) ⊂ A
ak−1+c
a1−c ;and
for h ∈ H − J , h(A
ak−1+c
a1−c ) ⊂ h(H
∗
ak−c
) ⊂ Aak+cak−c.
Let TG be a complete set of right coset representatives for J in G con-
taining the identity and similarly let TH be a complete set of right coset
representatives for J in H containing the identity. Then any element g of Γ
can be expressed as g = g1h1 · · · gnhnξt where gi ∈ TG, hi ∈ TH and t ∈ Z.
Using the above observations it is clear that g(Hak+c ∪H
∗
a1−c) ⊂ A
ak+c
a1−c .
Hence it follows that for g ∈ Γ−J , g(Hak+c∪H
∗
a1−c
)∩(Hak+c∪H
∗
a1−c
) = ∅
and part 3) of the lemma follows.
It only remains to prove part 4).
Let Ci be the totally geodesic plane meeting Ĉ in {z | ℑz = ai + c}. Let
B−i be the half-space bounded by Ci and Hai−1+c and let B
+
i be the half-space
bounded by Ci and H
∗
ai−1+c
. Then by Theorem 1 applied inductively,
H
3/Γ ∼= (H3 − B−1 )/ξa1iG1ξ
−1
a1i
∪ (H3 − (B+1 ∪B
−
2 ))/ξa2iG2ξ
−1
a2i
∪ · · ·
· · · ∪ (H3 − (B+N−1 ∪ B
−
N))/ξaN−1iGN−1ξ
−1
aN−1i
∪ (H3 −B+N )/ξaN iGNξ
−1
aN i
For each i let Ai be an annulus in Si with ∆i as one of its boundary com-
ponents. Then by Theorem 1, part 5) the right hand side of the above
expression is the interior of
M ′ = (S1 × I) ∪ (S2 × I) ∪ · · · ∪ (SN × I)
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where in the union Ai × {1} is identified with Ai+1 × {0}, i = 1, . . . , N − 1
by orientation reversing homeomorphisms.
We claim thatM ′ is orientation preserving homeomorphic toM . Consider
the solid torus
⋃
Ai × I, where again the appropriate identifications are
made as above. The removal of this solid torus from the above manifold
is orientation preserving homeomorphic to the disjoint union
⊔N
i=1(Si × I −
∆i×I). Hence M ′ is obtained by attaching
⊔N
i=1 Si×I to a solid torus along
annuli ∆i × I. In other words, M ′ is orientation preserving homeomorphic
to M .
A similar reasoning shows that (H3 ∪ Ω(Γ))/Γ is of the desired form. ✷
III: The Proof of Theorem A
Our goal is to prove the following result:
Theorem A There exists a geometrically finite representation ρ ∈ AH(pi1(Mk))
with Θ(ρ) = [(Mk, id)] such that for each [(M
τ
k , hτ )] ∈ A(M) there is a se-
quence of convex co-compact representations ρτn converging to ρ with Θ(ρ
τ
n) =
[(M τk , hτ )].
Remark It is clear that Theorem A follows from Theorem B. For ex-
pository reasons we prove Theorem A first and then generalize the result in
Theorem B. Theorem B states that if you choose a quasiconformal constant
K ≥ 1 then there is a geometrically finite representation such that its K-
quasiconformal deformations are contained in the closure of every component
of CC(pi1(Mk)). Theorem A furnishes us with this representation. So while
there is no mention of a K in the statement of Theorem A the proof makes
use of the K of the statement of Theorem B.
Proof
The idea is that we find a “nice” uniformization for Mk, call it Γk, and
“shuffling parabolics” gτ so that the group Γ̂
τ
k generated by Γk and gτ is
a geometrically finite uniformization of M̂ τk . For each τ we have an inclu-
sion jτ : Γk −→ Γ̂τk. Using The Hyperbolic Dehn Surgery Theorem we
obtain convex co-compact representations βτn : Γ̂
τ
k −→ PSL2(C) with im-
age uniformizing M τk in the correct homeomorphism class and converging
to the identity representation. Suppose φ : int(Mk) −→ H3/Γk is an ori-
entation preserving homeomorphism. We will consider the representations
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ρτn : pi1(Mk) −→ PSL2(C) given by
ρτn = β
τ
n ◦ jτ ◦ φ∗
ρτn converges to ρK = jτ ◦ φ∗ = φ∗ with image Γk, a geometrically finite
uniformization of Mk.
Step 1:The uniformization of Mk and M̂ τk
For each j ∈ 1, 2, ..., k let G0(j) be a Fuchsian model for B(j) containing
ξ1 as a primitive element. Fix K ≥ 1 and let ci = c(K,G0(j)) be the constant
given by lemma 1, i = 1, .., k. Set C = max{c1, ..., ck}. Choose, for each τ a
prime pτ so that pτ = pτ ′ if and only if τ = τ
′ and so that pτ > 4Ck, ∀τ .
By appealing to the Chinese Remainder Theorem or simply by construct-
ing them, we find integers dτ , one for each τ , with the following properties:
dτ ≡ 1 mod pτ and
dτ ≡ 0 mod pτ ′ for τ 6= τ
′.
Define integers aj by
aj =
∑
τ
dτ (jpτ + 4Cτ
−1(j))
Set G(j) = ξaj iG0(j)ξ
−1
aj i
and define Γk to be the group generated by
G(1), .., G(k). By Lemma 3 Γk is discrete, geometrically finite and uni-
formizes Mk.
Set gτ = ξpτ i and Γ̂
τ
k =< Γk, gτ >. We wish to show that Γ̂
τ
k is a geomet-
rically finite uniformization of M̂ τk .
Observe now that aj ≡ 4Cτ−1(j) mod pτ and so that G(j) is conju-
gate by powers of gτ in Γ̂
τ
k to ξ4Cτ−1(j)iG0(j)ξ
−1
4Cτ−1(j)i The latter is equal to
ξ4CliG0(τ(l))ξ
−1
4Cli for some l. Hence gτ has “shuffled” the limit sets of the
G(j)’s in the manner that τ shuffles 1, 2, ..., k (see figure 2). Denote the group
generated by ξ4CiG0(τ(1))ξ
−1
4Ci, ξ8CiG0(τ(2))ξ
−1
8Ci,..., ξ4CkiG0(τ(k))ξ
−1
4Cki by Γ
τ
k.
Then Γ̂τk is generated by Γ
τ
k and gτ . Applying Lemma 3 we find that Γ
τ
k is
geometrically finite and uniformizes M τk .
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21
3
5
4
3
1
2
3
4
5
5
2
1
4
3
5
2
1
4
5
2
Figure 2
The shuffling depicted here is for τ = (13)(24) with k = 5.
Lemma 3 gives us that both H4Ck+3C and H
∗
3C are precisely J-invariant in
Γτk and Λ(Γ
τ
k) ⊂ A
4Ck+C
3C ⊂ A
4Ck+3C
3C . Since pτ > 4Ck we can apply Theorem
2 to conclude that Γ̂τk is discrete, torsion free and geometrically finite.
We shall see that Γ̂τk uniformizes M̂
τ
k . (H
3 ∪ Ω(Γτk))/Γ
τ
k is orientation
preserving homeomorphic to M τk − δ where δ ⊂ ∂V is a longitudinal simple
closed curve adjacent to both B(τ(1)) and B(τ(k)). Take two distinct annuli
in (∂M τk − δ) ∩ ∂V each having δ as a boundary component. By Theorem
2, (H3 ∪ Ω(Γ̂τk))/Γ̂
τ
k is orientation preserving homeomorphic to the manifold
obtained fromM τk−δ by identifying these two annuli. This resulting manifold
is clearly orientation preserving homeomorphic to M τk −α, where α is a core
curve for V . Hence
H3/Γ̂τk
∼= int(H3 ∪ Ω(Γ̂τk)/Γ̂
τ
k
∼= M τk −N (α)
∼= M̂ τk
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A(4)
A(3)
A(2)
A(1)
Figure 3.
Step 2:Constructing the algebraic limits
Let α be the core curve of V and consider M τk − N (α), which is home-
omorphic to M̂ τk . Choose a meridian m and a longitude l on the resulting
torus boundary component so that l is homotopic to α in V and m bounds a
disk in N (α). By Lemma 10.3 of [2] the manifold M̂ τk (1, n) obtained by per-
forming (1, n) Dehn surgery on M̂ τk is homeomorphic to M
τ
k , ∀n. Moreover,
if qn : M̂
τ
k (1, n) −→ M
τ
k is the homeomorphism furnished by Lemma 10.3 of
[2] then qn can be chosen to be the identity on each B(j) ⊂ M̂ τk (1, n).
Choose an orientation preserving homeomorphism φτ : int(M̂ τk ) −→
H3/Γ̂τk. The Hyperbolic Dehn Surgery Theorem supplies us with representa-
tions βτn : Γ̂
τ
k −→ PSL2(C) such that for large enough n
i. βτn(Γ̂
τ
k) is convex co-compact;
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ii. there exist orientation preserving homeomorphisms φτn : int(M̂
τ
k ) −→
H3/βτn(Γ̂
τ
n) such that if in : M̂
τ
k −→ M̂
τ
k (1, n) is inclusion then β
τ
n◦(φ
τ )∗
is conjugate to (φτn)∗ ◦ (in)∗.
Choose an orientation preserving homeomorphism φ : int(Mk) −→ H3/Γk.
Let jτ : Γk −→ Γ̂τk be inclusion and set
ρτn = β
τ
n ◦ jτ ◦ φ∗
The kernel of βτn is normally generated by gτξ
n
1 . Hence it is the group
generated by the set of all elements of the form hgτξ
n
1h
−1 with h ∈ Γ̂τk. Γk
has trivial intersection with this group, and hence ρτn is faithful.
For ease of notation denote ξ4Cτ−1(j)iG(j)ξ
−1
4Cτ−1(j)i by G
τ (j) , j = 1, ..., k.
jτ (ξaj iG(j)ξ
−1
aji
) = g
nj
τ Gτ (j)g
−nj
τ where nj =
aj−4Cτ−1(j)
pτ
. Since βτn(g
nj
τ Gτ (j)g
−nj
τ ) =
βτn(G
τ (j)) and the image of these Gτ (j)’s generates βτn(Γ̂
τ
k) we have that the
image of ρτn is that of β
τ
n and hence is discrete, convex co-compact, and
uniformizes M τk .
Recall the map Θ : AH(pi1(Mk)) −→ A(Mk) defined previously.
We wish to show that Θ(ρτn) = [(M
τ
k , hτ )] where hτ is a homotopy equiva-
lence betweenMk andM
τ
k which is the identity off of V . This will imply that
ρτn belongs to the component of CC(pi1(Mk)) corresponding to [(M
τ
k , hτ )].
Let qn : M̂ τk (1, n) −→ M
τ
k be an orientation preserving homeomorphism
and pτ : H
3/Γk −→ H
3/Γ̂τk an orientation preserving covering map with
(pτ )∗ = jτ . We claim that rτ = qn◦in◦(φτ )−1◦pτ◦φ is a homotopy equivalence
between int(Mk) and int(M
τ
k ). Since ρ
τ
n is conjugate to (φ
τ
n ◦ (qn)
−1)∗ ◦ (rτ )∗
with ρτn faithful and both φ
τ
n and qn homeomorphisms, (rτ )∗ is injective. By
similar reasoning (rτ )∗ is surjective.
Denote the homotopy inverse of hτ by hτ . The composition h = rτ ◦hτ is
a homotopy equivalence from M τk to itself. If K(M) denotes the characteris-
tic submanifold of M (see [8] or [9] for details) then by Theorem 24.2 of [9] h
is homotopic to a map (again called h) such that h : K(M τk ) −→ K(M
τ
k ) is
homotopy equivalence and h : M τk −K(M
τ
k ) −→ M
τ
k −K(M
τ
k ) is a homeo-
morphism. The characteristic submanifold of M τk is M
τ
k −
⋃
N (A(i)) and so
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consists of the B(j) together with a solid torus V0 ⊂ V such that ∂V0∩∂V ⊂
∂M τk ∩ ∂V (see Section 4 of [7]). Applying Proposition 28.4 of [9] we can
homotope h to a map (again, called h) that is a homeomorphism when re-
stricted to each B(j) and to V0 by a homotopy that preserves the ∂0(B(j))
and the lids of B(j), for j = 1, . . . , k. There is the possibility that this new
map reverses the orientation on ∂0(B(j)), for each j. If this were the case
then h∗(α) would not be conjugate to α in pi1(M
τ
k ), where α generates pi1(V ).
However, (rτ )∗ ◦ (hτ )∗(α) is conjugate to α and hence it is not the case that
h reverses the orientation on ∂0(B(j)). Hence h may be assumed to be the
identity on ∂0(B(j)) ∀j. Since h is homotopic to the identity on V0, h is
an orientation preserving homeomorphism from M τk to itself. In particular
[(M τk , rτ )] = [(M
τ
k , hτ )].
Observe that since i : M τk −→ M̂
τ
k is an embedding and in◦i is homotopic
to an orientation preserving homeomorphism in ◦ i(M τk ) is a compact core for
M̂ τk (1, n). Homotoping in ◦ i slightly we may assume that the image of M
τ
k
lies in the interior of M̂ τk (1, n). Then φ
τ
n ◦ in ◦ i(M
τ
k ) is a compact core for
H3/ρτn(pi1(Mk)). Hence
Θ(ρτn) = [(φ
τ
n ◦ in ◦ i(M
τ
k ), φ
τ
n ◦ q
−1
n ◦ rτ )]
= [(in ◦ i(M
τ
k ), q
−1
n ◦ rτ )]
= [(qn ◦ in ◦ i(M
τ
k ), rτ )]
= [(M τk , rτ )]
= [(M τk , hτ )]
and this second to last equality holds because qn ◦ in ◦ i is homotopic to
an orientation preserving homeomorphism.
Hence ρτn belongs to the component of CC(pi1(Mk)) indexed by [(M
τ
k , hτ )]
as claimed.
Finally, ρτn converges to ρK = φ∗ which can be seen to belong to the
closure of the component of CC(pi1(Mk)) indexed by [(Mk, id)] by either
setting τ = id and using the proof above, or by a direct application of the
Hyperbolic Dehn Surgery Theorem (see Remark(1) following the proof of
Theorem B in [2]), or by appealing to corollary 6 of Ohshika ([15]).
We have completed the proof. ✷
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Theorem B(Intersection Contains A connected, Uncountable Set)
For every K ≥ 1 there is a geometrically finite representation ρK of
pi1(Mk) such that the set OK ⊂ QC(ρK) consisting of all of the K-quasiconformal
deformations of ρK is contained in the closure of every component of CC(pi1(Mk))
and Θ(ρK) = [(Mk, id)].
Proof
Fix ρ′ in OK and suppose that f is the K-quasiconformal map inducing
the isomorphism between ρ′ and ρ = ρK , where ρK is the representation
constructed in Theorem A. By conjugating if necessary we assume that f
fixes 0, 1 and ∞, so that J is a primitive subgroup of ρ′(pi1(Mk)).
Set G(j)′ = ρ′(ρ−1(G(j))). Then G(j)′ is quasi-Fuchsian for each j and,
by Corollary 2, Λ(G(j)′) ⊂ A
aj+C
aj−C
(these aj are the aj that appeared in
the construction of Γk). Let Γ
′
k = ρ
′(pi1(Mk)) and for each τ ∈ Sk/Zk set
Γ̂′τ =< Γ
′
k, gτ >. We will show that Γ̂
′
τ is discrete, torsion-free, geometrically
finite and that the quotient of H3 by Γ̂′τ is homeomorphic (via an orientation
preserving homeomorphism) to the interior of M̂ τk .
As in Theorem A, define nj =
aj−4Cτ−1(j)
pτ
and set Gτ (j)′ = g
−nj
τ G(j)′g
nj
τ .
Set Γ′τ to be the group generated by the G
τ (j)′. Then Γ̂′τ is generated by
Γ′τ and gτ . By Lemma 3 Γ
′
τ uniformizes M
τ
k . Just as in Theorem A we can
apply Lemma 1, Lemma 3 and Theorem 2 to show that Γ̂′τ is geometrically
finite and uniformizes M̂ τk .
We now proceed exactly as in Theorem A. To begin, appealing to The-
orem 3 (The Hyperbolic Dehn Surgery Theorem) gives a sequence of rep-
resentations ατn of Γ̂
′
τ in PSL2(C) converging to the identity, so that the
image of each ατn is convex co-compact uniformization of M
τ
k . Then, with
j′τ : Γ
′
k −→ Γ̂
′
τ being inclusion, we set
ρτ
′
n = α
τ
n ◦ j
′
τ ◦ ρ
′
Then, as in Theorem A, for n sufficiently large each ρτ
′
n is faithful and
has discrete image uniformizing M τk convex co-compactly. Moreover, ρ
τ ′
n
converges to ρ′.✷
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Observing that we could have easily done the above proof substituting
Mσk whenever we saw Mk = M
id
k , for some σ in Sk, we have the following
corollary to the proof.
Corollary C(There are many sets in the intersection)
For every K ≥ 1 and [(Mσk , hσ)] ∈ A(Mk) there is a geometrically finite
representation ρσK and a set O
σ
K ⊂ QC(ρ
σ
K) consisting of the K-quasiconformal
deformations of ρσK such that O
σ
K is contained in the closure of every compo-
nent of CC(pi1(Mk)) and Θ(ρ
σ
K) = [(M
σ
k , hσ)].
This naturally leads us to ask if the intersection of the closures of the
path components of CC(pi1(Mk)) is disconnected.
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